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ON A REMARKABLE FORMULA OF JERISON AND LEE IN
CR GEOMETRY
XIAODONG WANG
Abstract. We discuss a remarkable formula discovered by Jerison and Lee to
classify constant scalar curvature pseudohermitian structures on the sphere.
We show that the formula is valid in the wider context of Einstein pseudo-
hermitian manifolds. As an application we prove a uniqueness result that
generalizes the theorem of Jerison and Lee.
1. Introduction
Recall that a Riemannian manifold (￿n;g) is called Einstein if its Ricci curvature
is constant, i.e. Ric = cg for some constant c. In this case the scalar curvature
R is then obviously a constant. In general consider the trace-less Ricci tensor
T = Ric ￿ R
ng. By the 2nd Bianchi identity we have
divT =
￿
1
2
￿
1
n
￿
dR:
As a corollary, we have the well-known fact that (￿n;g) with n ￿ 3 is Einstein i⁄
T = 0.
Given a closed Riemannian manifold (￿n;g) the famous Yamabe problem seeks
to conformally deform g to get a new metric e g of constant scalar curvature. If
we write e g = u4=(n￿2)g, where u is a positive smooth function, then the scalar
curvatures are related by the following equation
(1.1) ￿
4(n ￿ 1)
n ￿ 2
￿gu + Ru = e Ru(n+2)=(n￿2):
The Yamabe problem was solved by Yamabe [Y], Trudinger [T], Aubin [A] and
Schoen [S] by showing that there is always a minimizer u for the following variational
problem
Y (￿;[g]) := inf
u2C
1(￿)
u>0
R
￿
￿
jruj
2 + Ru2
￿
dvg
￿R
￿ u2n=(n￿2)dvg
￿(n￿2)=n
as the metric g = u4=(n￿2)g then has constant scalar curvature. When Y (￿;[g]) ￿
0, we also have uniqueness: there is only one constant scalar curvature metric up to
scaling in the conformal class [g]. When Y (￿;[g]) > 0, uniqueness in general fails.
But when there is an Einstein metric in the conformal class, we have the following
beautiful and important theorem due to Obata [O2].
Theorem 1. Suppose (￿n;e g) is a closed Einstein manifold and g = ￿g is a confor-
mal metric with constant scalar curvature, where ￿ is a positive smooth function.
Then
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￿ g is Einstein as well;
￿ furthermore ￿ must be constant unless (￿n;e g) is isometric to the standard
sphere (Sn;gc) up to a scaling and ￿ corresponds to the following function
on Sn
￿(x) = c(cosht + sinhtx ￿ a)
￿2
for some c > 0;t ￿ 0 and a 2 Sn.
When n = 2 this is classic. Obata￿ s proof for n ￿ 3 is very elegant and is based
on the following formula
e T = T + (n ￿ 2)￿￿1
￿
D2￿ ￿
￿￿
n
g
￿
:
Since e g is Einstein, we have e T = 0. Thus ￿(n ￿ 2)￿￿1
￿
D2￿ ￿
￿￿
n g
￿
= T. Pairing
with T yields and using the fact the g has constant scalar curvature we obtain
￿(n ￿ 2)div (T (r￿;￿)) = ￿jTj
2 :
As a corollary we have the complete classi￿cation of positive solutions of a non-
linear PDE (stated only for n ￿ 3 for brevity).
Corollary 1. On (Sn;gc) all positive solutions of the equation
￿
4
n(n ￿ 2)
￿u + u = u(n+2)=(n￿2)
are of the form
u(x) = (cosht + (sinht)x ￿ a)
￿(n￿2)=2
for some t ￿ 0 and a 2 Sn.
Equivalently one can through the stereographic projection consider the following
equation on Rn
￿￿v = v(n+2)=(n￿2);v > 0:
This equation has been studied intensively from the PDE perspectively via the
method of moving planes or moving spheres, cf. [GNN, CGS] and the more recent
[LZ].
In this paper we consider the analogues of these uniqueness results in CR geom-
etry. Let (M;￿) be a pseudohermitian manifold of dimension 2m + 1 and T the
Reeb vector ￿eld. We always work with a local unitary frame fT￿ : ￿ = 1;￿￿￿ ;mg
for T1;0 (M) and its dual frame f￿￿g. Thus
d￿ =
p
￿1
X
￿
￿￿ ^ ￿￿:
We will often denote T by T0. Let B￿￿ = R￿￿ ￿ R
m￿￿￿ be the trace-less pseudo-
hermitian Ricci tensor, where R is the pseudohermitian scalar curvature. We say
that ￿ is pseudo-Einstein if R￿￿ = R
m￿￿￿ or B￿￿ = 0. This is always true when
m = 1. Pseudo-Einstein manifolds were ￿rst introduced by Lee [Lee]. By the
Bianchi identity in CR geometry we have
B￿￿;￿ =
￿
1 ￿
1
m
￿
R￿ ￿
p
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If ￿ is pseudo-Einstein and m ￿ 2 then
R￿ =
p
￿1(m ￿ 1)A￿￿;￿:
Therefore a pseudo-Einstein ￿ does not necessarily have constant scalar curvature
due to the presence of the torsion A. If the torsion A vanishes, then a pseudo-
Einstein (M;￿) of dimension 2m + 1 ￿ 5 is of constant scalar curvature. Slightly
more general, we have
Proposition 1. Suppose
￿
M2m+1;￿
￿
with m ￿ 2 is pseudo-Einstein and its torsion
has zero divergence. Then its scalar curvature is constant.
Proof. By the formula above, R￿ = 0. By taking conjugate, we also have R￿ = 0.
Thus
p
￿1￿￿￿R0 = R￿;￿ ￿ R￿;￿ = 0:
It follow R0 = 0 as well and hence R is constant. ￿
De￿nition 1. A pseudohermitian manifold
￿
M2m+1;￿
￿
is called Einstein if it is
torsion-free and the pseudohermitian Ricci tensor is constant, i.e. R￿￿ = ￿￿￿￿ for
some constant ￿.
When m ￿ 2,
￿
M2m+1;￿
￿
is Einstein i⁄ it is pseudo-Einstein and torsion-free
by Proposition 1
If e ￿ = f2=m￿ is another pseudohermitian structure, where f is a smooth and
positive function, then the pseudohermitian scalar curvatures of ￿ and e ￿ are related
by the following formula
￿
2(m + 1)
m
￿bf + R = e Rf(m+2)=m:
The CR Yamabe problem, initiated by Jerison and Lee [JL1], seeks to confor-
mally deform ￿ to get a new pseudohermitian structure e ￿ of constant scalar cur-
vature. Like the Riemannian case, for a closed strictly pseudoconvex CR manifold
M2m+1 one considers the Yamabe functional
Y (M;￿) =
R
M Rdv￿
￿R
M dv￿
￿m=(m+1);
where ￿ is any contact form associated to the CR structure and dv￿ = ￿ ^(d￿)
m is
the volume form. Set
Y (M) = inf
￿
Y (M;￿):
This de￿nes a CR invariant. The CR Yamabe problem, interpreted narrowly, is
whether the in￿mum is achieved. As in the Riemannian case, the unit sphere
S2m+1 =
￿
z 2 Cm+1 : jzj = 1
￿
with its canonical pseudohermitian structure ￿c = ￿
2
p
￿1@ jzj
2
￿
jS2m+1 plays a fundamental role.
￿
S2m+1;￿c
￿
is of constant pseudo-
hermitian curvature with R￿￿ = (m + 1)=2￿￿￿.
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(1) Y
￿
S2m+1￿
= Y
￿
S2m+1;￿c
￿
= 2￿m(m + 1), or equivalently the following
sharp Sobolev inequality holds on S2m+1
Z
S2m+1
￿
2(m + 1)
m
jrbfj
2 +
m(m + 1)
2
f2
￿
dvc (1.2)
￿ 2￿m(m + 1)
￿Z
S2m+1
jfj
2(m+1)=m dvc
￿m=(m+1)
;
where rbf is the horizontal gradient and dvc = ￿c ^ (d￿c)
m
(2) For any closed strictly pseudoconvex CR manifold M2m+1
Y (M) ￿ Y
￿
S2m+1￿
;
(3) The CR Yamabe problem has a solution if Y (M) < Y
￿
S2m+1￿
.
Moreover, they proved Y (M) < Y
￿
S2m+1￿
when m ￿ 2 and M is not locally
CR equivalent to S2m+1. To our best knowledge, the conjecture that Y (M) <
Y
￿
S2m+1￿
unless M is CR equivalent to S2m+1 is still open in the remaining cases.
However, it is now known that for all compact strictly pseudoconvex CR manifold
M there is always a pseudohermitian structure ￿ on M whose scalar curvature is
constant by the more recent work Gamara [G] and Gamara-Yacoub [GY].
Similar to the Riemannian case, there is a unique constant scalar curvature
pseudohermitian structure on M up to scaling when Y (M) ￿ 0. But uniqueness
in general fails if Y (M) > 0. For the CR sphere S2m+1 Jerison and Lee [JL2]
classi￿ed all pseudohermitian structures with constant scalar curvature. This is of
fundamental importance for the whole program of CR Yamabe problem.
Theorem 2. Suppose ￿ = ￿￿c is a pseudohermitian structure on S2m+1. Then ￿
has constant scalar curvature i⁄ ￿ is of the following form:
￿(z) = c
￿
￿cosht + (sinht)z ￿ ￿
￿
￿￿2
for some c > 0;t ￿ 0 and ￿ 2 S2m+1.
The key ingredient in the proof is the following remarkable, highly nontrivial
identity on
￿
S2m+1;￿
￿
:
Re
￿
gD￿ + gE￿ ￿ 3￿0
p
￿1U￿
￿
;￿
=
￿
1
2
+
1
2
￿
￿￿
jD￿￿j
2 +
￿
￿ ￿E￿￿
￿
￿ ￿
2￿
+ ￿
h
jD￿ ￿ U￿j
2 + jU￿ + E￿ ￿ D￿j
2 + jU￿ + E￿j
2 +
￿ ￿￿￿1￿￿D￿￿ + ￿￿1￿￿E￿￿
￿ ￿2i
:
where
D￿￿ = ￿￿1￿￿;￿;D￿ = ￿￿1￿￿D￿￿;E￿ = ￿￿1￿￿E￿￿;
E￿￿ = ￿￿1￿￿;￿ ￿ ￿￿2￿￿￿￿ ￿
1
2
￿
1
2
￿￿1 ￿
1
2
+ ￿￿2 j@￿j
2 +
p
￿1￿￿1￿0
￿
￿￿￿;
U￿ = ￿
2
m + 2
p
￿1A￿￿;￿;g =
1
2
+
1
2
￿ + ￿￿1 j@￿j
2 +
p
￿1￿0:
We should also mention the recent deep work [FL] by Frank and Lieb in which
the sharp Hardy-Littlewood-Sobolev inequality, of which (1.2) is a special case, on
the Heisenberg group is established. Their paper also contains a new and shorterON A REMARKABLE FORMULA OF JERISON AND LEE IN CR GEOMETRY 5
proof of the Sobolev inequality (1.2) as well as a nice argument which yields the
classi￿cation of all the minimizers quickly.
The purpose of this work is to point out that the Jerison-Lee identity is valid on
any closed Einstein pseudohermitian manifold
￿
M2m+1;￿
￿
and as an application
prove the following uniqueness theorem which generalizes the above result of Jerison
and Lee.
Theorem 3. Let
￿
M2m+1; e ￿
￿
be a closed Einstein pseudohermitian manifold. Sup-
pose ￿ = ￿e ￿ is another pseudohermitian structure with constant pseudohermitian
scalar curvature. Then
￿ ￿ is Einstein as well;
￿ furthermore ￿ must be constant unless
￿
M2m+1; e ￿
￿
is CR isometric to
￿
S2m+1;￿c
￿
up to a scaling and ￿ corresponds to the following function
on S2m+1
￿(z) = c
￿ ￿cosht + (sinht)z ￿ ￿
￿ ￿￿2
for some c > 0;t ￿ 0 and ￿ 2 S2m+1.
More precisely, the second part means that if ￿ is not constant then there exists
a CR di⁄eomorphism F : M ! S2m+1 s.t. F￿￿c = ￿e ￿ for some ￿ > 0 and ￿ ￿ F￿1
is of the form above on S2m+1.
The paper is organized as follows. In Section 2 we present the Jerison-Lee identity
on any closed Einstein pseudohermitian manifold
￿
M2m+1;￿
￿
. Using this identity
we will prove the above theorem in Section 3. There is an appendix in which we
collect several formulas in CR geometry that are needed in Section 3.
Acknowledgements. The author is very grateful to Professor Jerison and
Professor Lee for kindly helping him understand their work [JL2]. He also wishes
to thanks Song-Ying Li and Meijun Zhu for useful discussions.
2. The Jerison-Lee identity
In this Section we discuss the Jerison-Lee identity from [JL2]. Though it is only
stated for the CR sphere S2m+1 there, the identity and its proof are valid on any
closed Einstein pseudohermitian manifold. To publicize this remarkable identity in
the wider context and also for completeness, we present a detailed proof following
[JL2] faithfully. Therefore this Section is expository. We use slightly di⁄erent
notation and provide more details at several places to make the proof easier to
follow.
Let
￿
M2m+1;￿
￿
be a pseudohermitian manifold and ￿ a smooth and positive
function. Consider e ￿ = ￿￿1￿. The pseudohermitian invariants transform as follows
([Lee]):
e A￿￿ = A￿￿ ￿
p
￿1￿￿1￿￿;￿
e B￿￿ = B￿￿ + (m + 2)
￿
￿￿1￿￿;￿ ￿ ￿￿2￿￿￿￿
￿
￿
m + 2
m
￿
￿￿1￿￿;￿ ￿ ￿￿2 j@￿j
2
￿
h￿￿
e R = ￿R + (m + 1)￿b￿ ￿ m(m + 1)￿￿1 j@￿j
2 :
here we are working with a local unitary frame fT￿ : ￿ = 1;￿￿￿ ;mg w.r.t. ￿.6 XIAODONG WANG
Proposition 2. Let ￿ and e ￿ = ￿￿1￿ be two pseudohermitian structures on a
closed manifold M2m+1. Suppose that both ￿ and e ￿ have constant scalar curva-
ture m(m + 1)=2 and e ￿ is Einstein. Set
D￿￿ = ￿
p
￿1A￿￿;D￿ = ￿￿1￿￿D￿￿;
E￿￿ = ￿
1
m + 2
B￿￿;E￿ = ￿￿1￿￿E￿￿;
U￿ = ￿
2
m + 2
p
￿1A￿￿;￿;
g =
1
2
+
1
2
￿ + ￿￿1 j@￿j
2 +
p
￿1￿0:
Then
Re
￿
gD￿ + gE￿ ￿ 3￿0
p
￿1U￿
￿
;￿
(2.1)
=
￿
1
2
+
1
2
￿
￿￿
jD￿￿j
2 +
￿ ￿
￿E￿￿
￿ ￿
￿
2￿
+ ￿
h
jD￿ ￿ U￿j
2 + jU￿ + E￿ ￿ D￿j
2 + jU￿ + E￿j
2 +
￿
￿￿￿1￿￿D￿￿ + ￿￿1￿￿E￿￿
￿
￿2i
:
Remark 1. Jerison-Lee [JL2] use the normalization R = e R = m(m + 1). We
instead use the normalization R = e R = m(m + 1)=2. This is why some of our
coe¢ cients are di⁄erent. Our normalization has the advantage that the adapted
metric for ￿c on S2m+1 is round.
Since e ￿ is Einstein and R = e R = m(m + 1)=2, we have
A￿￿ =
p
￿1￿￿1￿￿;￿;
(2.2)
B￿￿ = ￿(m + 2)
￿
￿￿1￿￿;￿ ￿ ￿￿2￿￿￿￿
￿
+
m + 2
m
￿
￿￿1￿￿;￿ ￿ ￿￿2 j@￿j
2
￿
h￿￿;
(2.3)
￿￿;￿ =
m
4
￿
m
4
￿ +
m + 2
2
￿￿1 j@￿j
2 +
m
2
p
￿1￿0:
(2.4)
Thus
D￿￿ = ￿￿1￿￿;￿;
(2.5)
E￿￿ = ￿￿1￿￿;￿ ￿ ￿￿2￿￿￿￿ ￿
1
2
￿
1
2
￿￿1 ￿
1
2
+ ￿￿2 j@￿j
2 +
p
￿1￿￿1￿0
￿
￿￿￿:
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We compute
￿￿￿;￿ = ￿￿;￿￿ +
p
￿1￿￿￿￿￿;0 + R￿￿￿￿
= ￿
m
4
￿￿ ￿
m + 2
2
￿￿2 j@￿j
2 +
m + 2
2
￿￿1￿￿￿￿;￿ +
m + 2
2
￿￿1￿￿;￿￿￿
+
m
2
p
￿1￿0;￿ +
p
￿1￿￿;0 + R￿￿￿￿
= ￿
m
4
￿￿ ￿
m + 2
2
￿￿2 j@￿j
2 ￿￿ +
m + 2
2
￿￿1￿￿￿￿;￿ +
m + 2
2
￿￿1￿￿;￿￿￿
￿
p
￿1
m + 2
2
￿￿1￿￿￿0 +
m + 2
2
p
￿1￿0;￿ ￿
p
￿1A￿￿￿￿ + R￿￿￿￿
Using the decomposition R￿￿ = B￿￿ ￿ R
m￿￿￿, (2.3) and the fact R = m(m + 1)=2
and simplifying we obtain
R￿￿￿￿ =
m + 2
2
￿
￿2￿￿1￿￿;￿￿￿ + 3￿￿2 j@￿j
2 ￿￿ +
1
2
￿￿1￿￿ +
p
￿1￿￿1￿0￿￿
￿
+
m
4
￿￿:
Plugging it into the previous formula yields
￿￿￿;￿ = ￿
m
4
￿￿ ￿
m + 2
2
￿￿2 j@￿j
2 ￿￿ +
m + 2
2
￿￿1￿￿￿￿;￿ +
m + 2
2
￿￿1￿￿;￿￿￿
￿
p
￿1
m + 2
2
￿￿1￿￿￿0 +
m + 2
2
p
￿1￿0;￿ ￿
p
￿1A￿￿￿￿
+
m + 2
2
￿
￿2￿￿1￿￿;￿￿￿ + 3￿￿2 j@￿j
2 ￿￿ +
1
2
￿￿1￿￿ +
p
￿1￿￿1￿0￿￿
￿
+
m
4
￿￿
= ￿￿1￿￿;￿￿￿ +
m + 2
2
￿p
￿1￿0;￿ + ￿￿1￿￿;￿￿￿ ￿ ￿￿1￿￿;￿￿￿ + 2￿￿2 j@￿j
2 ￿￿ +
1
2
￿￿1￿￿
￿
Therefore
U￿ = ￿
2
m + 2
p
￿1A￿￿;￿ (2.7)
= ￿￿1
￿p
￿1￿0;￿ + 2￿￿2 j@￿j
2 ￿￿ + ￿￿1
￿
￿￿;￿￿￿ ￿ ￿￿;￿￿￿ +
1
2
￿￿
￿￿
= ￿￿1
￿p
￿1￿0;￿ + 2￿￿2 j@￿j
2 ￿￿ + ￿D￿ ￿ ￿￿1￿￿;￿￿￿ +
1
2
￿￿1￿￿
￿
Lemma 1. We have
(2.8) U￿ = ￿￿1
￿p
￿1￿0;￿ + ￿(D￿ ￿ E￿) +
1
2
￿￿1g￿￿
￿
:
Proof. Replacing ￿￿;￿ in (2.7) using identity (??) we obtain
U￿ = ￿￿1
￿p
￿1￿0;￿ + 2￿￿2 j@￿j
2 ￿￿ + ￿D￿ +
1
2
￿￿1￿￿
￿E￿;￿￿￿ ￿ ￿￿2 j@￿j
2 ￿￿ ￿
1
2
￿
1
2
￿￿1 ￿
1
2
+ ￿￿2 j@￿j
2 +
p
￿1￿￿1￿0
￿
￿￿
￿
= ￿￿1
￿p
￿1￿0;￿ + ￿(D￿ ￿ E￿) +
1
2
￿
1
2
+
1
2
￿￿1 + ￿￿2 j@￿j
2 ￿
p
￿1￿￿1￿0
￿
￿￿
￿
= ￿￿1
￿p
￿1￿0;￿ + ￿(D￿ ￿ E￿) +
1
2
￿￿1g￿￿
￿
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￿
As D￿ = ￿
p
￿1A￿￿￿￿1￿￿, we have
D￿;￿ = ￿
p
￿1A￿￿;￿￿￿1￿￿ ￿
p
￿1A￿￿￿￿1￿￿￿ +
p
￿1A￿￿￿￿2￿￿￿￿ (2.9)
=
m + 2
2
￿￿1U￿￿￿ + jD￿￿j
2 ￿ D￿￿￿￿2￿￿￿￿:
=
m + 2
2
￿￿1U￿￿￿ + jD￿￿j
2 ￿ ￿￿1D￿￿￿:
As E￿ = ￿￿1￿￿E￿￿, we have
E￿;￿ = ￿￿1￿￿E￿￿;￿ +
￿
￿￿1￿￿;￿ ￿ ￿￿2￿￿￿￿
￿
E￿￿ (2.10)
=
1 ￿ m
2
￿￿1￿￿U￿ +
￿
￿￿1￿￿;￿ ￿ ￿￿2￿￿￿￿
￿
E￿￿
=
1 ￿ m
2
￿￿1￿￿U￿ +
￿
￿ ￿E￿￿
￿
￿ ￿
2
We now compute the left hand side of (2.1)
LHS = Re[gD￿;￿ + gE￿;￿] ￿ 3￿0 Re
p
￿1U￿;￿ (2.11)
+ Re
￿
g￿D￿ + g￿E￿ ￿ 3
p
￿1￿0;￿U￿
￿
:
By a Bianchi identity [Lee, (2.13)] we have 2ReA￿￿;￿￿ = R0 = 0. Thus
Re
p
￿1U￿;￿ =
2
m + 2
ReA￿￿;￿￿ = 0:
Plugging this identity as well as (2.9) and (2.10) into (2.11) we obtain
LHS =
3
2
￿￿1 RegU￿￿￿ (2.12)
+
￿
1
2
+
1
2
￿ + ￿￿1 j@￿j
2
￿￿
jD￿￿j
2 +
￿ ￿
￿E￿￿
￿ ￿
￿
2￿
￿ ￿￿1 RegD￿￿￿
+ Re
￿
g￿D￿ + g￿E￿ ￿ 3
p
￿1￿0;￿U￿
￿
:
Lemma 2. We have
p
￿1￿0;￿ = ￿(D￿ ￿ U￿ ￿ E￿) +
1
2
￿￿1g￿￿;
g￿ = ￿￿1g￿￿ + ￿(2D￿ ￿ U￿);
g￿ = ￿(2E￿ + U￿):
Proof. The ￿rst formula follows from (2.6) directly. We have
g￿ =
1
2
￿￿ ￿ ￿￿2￿￿ j@￿j
2 + ￿￿1
￿
￿￿￿￿￿ + ￿￿￿￿￿
￿
+
p
￿1￿0;￿
=
￿
1
2
￿ ￿￿2 j@￿j
2
￿
￿￿ + ￿D￿ + ￿￿1￿￿￿￿￿ +
p
￿1￿0;￿:ON A REMARKABLE FORMULA OF JERISON AND LEE IN CR GEOMETRY 9
Since
￿￿￿￿￿ = ￿￿￿￿￿
=
￿
￿￿￿ ￿
p
￿1￿0￿￿￿
￿
￿￿
= ￿￿￿￿￿ +
p
￿1￿0￿￿:
Thus
g￿ =
￿
1
2
￿ ￿￿2 j@￿j
2 +
p
￿1￿￿1￿0
￿
￿￿ + ￿D￿ + ￿￿1￿￿￿￿￿ +
p
￿1￿0;￿:
Replacing ￿￿1￿￿;￿ by the formula we end up with
g￿ =
￿
1
2
￿ ￿￿2 j@￿j
2 +
p
￿1￿￿1￿0
￿
￿￿ + ￿(D￿ + E￿) +
p
￿1￿0;￿
+ ￿￿2 j@￿j
2 ￿￿ +
1
2
￿
1
2
￿￿1 ￿
1
2
+ ￿￿2 j@￿j
2 +
p
￿1￿￿1￿0
￿
￿￿
=
1
2
￿
1
2
+
1
2
￿￿1 + ￿￿2 j@￿j
2 +
p
￿1￿￿1￿0
￿
￿￿ + ￿(D￿ + E￿) +
p
￿1￿0;￿
=
1
2
￿￿1g￿￿ + ￿(D￿ + E￿) +
p
￿1￿0;￿
By the same calculation
g￿ =
1
2
￿￿1g￿￿ + ￿(D￿ + E￿) ￿
p
￿1￿0;￿:
Plugging the ￿rst formula into the above identities, we obtain the second and third
formulas. ￿
Plugging these formulas into (2.12) we obtain
LHS =
3
2
￿￿1 RegU￿￿￿ +
￿
1
2
+
1
2
￿ + ￿￿1 j@￿j
2
￿￿
jD￿￿j
2 +
￿
￿ ￿E￿￿
￿
￿ ￿
2￿
￿ ￿￿1 RegD￿￿￿ + Re
￿
￿￿1g￿￿ + ￿(2D￿ ￿ U￿)
￿
D￿
+ Re[￿(2E￿ + U￿)]E￿ ￿ 3Re
￿
￿(D￿ ￿ U￿ ￿ E￿) +
1
2
￿￿1g￿￿
￿
U￿
=
￿
1
2
+
1
2
￿ + ￿￿1 j@￿j
2
￿￿
jD￿￿j
2 +
￿
￿ ￿E￿￿
￿
￿ ￿
2￿
+ ￿Re(2D￿ ￿ U￿)D￿ + ￿Re(2E￿ + U￿)E￿ + 3￿Re(U￿ + E￿ ￿ D￿)U￿:
It is then elementary to show that this equals the RHS.
3. Proof of the main theorem
We are now ready to prove our main theorem.
Theorem 4. Let
￿
M2m+1; e ￿
￿
be a closed Einstein pseudohermitian manifold. Sup-
pose ￿ = ￿e ￿ is another pseudohermitian structure with constant pseudohermitian
scalar curvature. Then
￿ ￿ is Einstein as well;10 XIAODONG WANG
￿ furthermore ￿ must be constant unless
￿
M2m+1; e ￿
￿
is CR isometric to the
standard sphere
￿
S2m+1;￿c
￿
up to a scaling and ￿ corresponds to the fol-
lowing function on S2m+1
￿(z) = c
￿ ￿cosht + (sinht)z ￿ ￿
￿ ￿￿2
for some c > 0;t ￿ 0 and ￿ 2 S2m+1.
The Theorem is trivial if the pseudohermitian scalar curvature of e ￿ is zero or
negative. Assume it is positive. By scaling both ￿ and e ￿, we may assume R = e R =
m(m + 1)=2. Integrating the Jerison-Lee identity (2.1) over M we have
0 =
Z
M
￿
1
2
+
1
2
￿
￿￿
jD￿￿j
2 +
￿
￿ ￿E￿￿
￿
￿ ￿
2￿
dv￿
+
Z
M
￿
h
jD￿ ￿ U￿j
2 + jU￿ + E￿ ￿ D￿j
2 + jU￿ + E￿j
2 +
￿ ￿￿￿1￿￿D￿￿ + ￿￿1￿￿E￿￿
￿ ￿2i
dv￿:
Therefore
D￿￿ = 0;E￿￿ = 0;U￿ = 0;
i.e. more explicitly
￿￿;￿ = 0;
￿￿;￿ = ￿￿1￿￿￿￿ +
1
2
￿
1
2
￿
1
2
￿ + ￿￿1 j@￿j
2 +
p
￿1￿0
￿
￿￿￿;
￿0;￿ =
p
￿1
2
￿
1
2
+
1
2
￿￿1 + ￿￿2 j@￿j
2 ￿
p
￿1￿￿1￿0
￿
￿￿:
Recall that D￿￿ = ￿
p
￿1A￿￿ and E￿￿ is a multiple of the trace-less Ricci by
de￿nition. Therefore ￿ is pseudo-Einstein with constant scalar curvature and torsion
free. This proves the ￿rst part.
To prove the second part, we now assume that ￿ is not constant. First observe
that ￿ and e ￿ play symmetric roles in the statement. Therefore it su¢ ces to do it
for ￿. As R￿￿ = m+1
2 ￿￿￿ and A￿￿ = 0, it is easy to check by Proposition 8 in
the Appendix that the adapted Riemannian metric g￿ is Einstein: Ric(g￿) = m
2 g￿.
Since the Ricci curvature is positive, M has a ￿nite fundamental group. We can
work on its universal covering f M, which is still a closed pseudohermitian manifold.
For simplicity we will use the same letter for both the object on M and its pullback
on f M. Let u = log￿. Then
u￿;￿ = ￿u￿u￿;
u￿;￿ =
1
2
￿
1
2
e￿u ￿
1
2
+ j@uj
2 +
p
￿1u0
￿
￿￿￿;
u0;￿ = ￿
1
2
u0u￿ +
p
￿1
2
￿
1
2
+
1
2
e￿u + j@uj
2
￿
u￿:
We now claim that u is CR pluriharmonic. The argument is the same as in [JL2].
Indeed, when m ￿ 2 this follows from the 2nd equation. When m = 1, di⁄erenti-
ating the 2nd equation and simplifying using all three yields
u1;11 =
1
2
￿
￿
1
2
e￿uu1 + u1;1u1 + u1u1;1 ￿
p
￿1u0;1
￿
= 0:ON A REMARKABLE FORMULA OF JERISON AND LEE IN CR GEOMETRY 11
As A11 = 0, it follows that u is CR pluriharmonic by [Lee, Proposition 3.4]. As f M
is simply connected, u is the real part of a CR holomorphic function u +
p
￿1v:
v￿ = ￿
p
￿1u￿;v￿ =
p
￿1u￿:
We also have
p
￿1v0￿￿￿ = v￿;￿ ￿ v￿;￿
= ￿
p
￿1u￿;￿ ￿
p
￿1u￿;￿
= ￿2
p
￿1u￿;￿ ￿ u0￿￿￿
= ￿
p
￿1
￿
1
2
e￿u ￿
1
2
+ j@uj
2
￿
￿￿￿
Thus
v0 = ￿
￿
1
2
e￿u ￿
1
2
+ j@uj
2
￿
:
With this we can rewrite the equations satis￿ed by u as
u￿;￿ = ￿u￿u￿;
u￿;￿ =
1
2
￿
￿v0 +
p
￿1u0
￿
￿￿￿;
u0;￿ = ￿
1
2
u0u￿ +
p
￿1
2
(1 ￿ v0)u￿
Let f = expu=2cosv=2 ￿ c, where c is a constant such that
R
f M f = 0.
Proposition 3. We have
f￿;￿ = 0;
f￿;￿ =
1
2
h
￿
￿
eu=2 sinv=2
￿
0
+
p
￿1f0
i
￿￿￿;
f0;￿ =
p
￿1
2
f￿;
f0;0 = ￿
1
2
￿
eu=2 sinv=2
￿
0
:
Proof. These formula are proved by direct calculations. For example, to prove the
3rd one we ￿rst observe as v￿ = ￿
p
￿1u￿ and ￿ is torsion-free
v0;￿ = v￿;0 = ￿
p
￿1u￿;0:
Then we compute using the 3rd equation for u
f0;￿ =
1
2
eu=2
￿￿
u0;￿ ￿
1
2
v0v￿ +
1
2
u0u￿
￿
cos
v
2
￿
￿
v0;￿ +
1
2
u0v￿ +
1
2
v0u￿
￿
sin
v
2
￿
=
1
2
eu=2
￿￿
u0;￿ +
p
￿1
2
v0u￿ +
1
2
u0u￿
￿
cos
v
2
￿
￿
￿
p
￿1u0;￿ ￿
p
￿1
2
u0u￿ +
1
2
v0u￿
￿
sin
v
2
￿
=
1
2
eu=2
￿p
￿1
2
u￿ cos
v
2
+
1
2
u￿ sin
v
2
￿
=
p
￿1
2
eu=2
￿
1
2
u￿ cos
v
2
￿
1
2
v￿ sin
v
2
￿
=
p
￿1
2
f￿:12 XIAODONG WANG
The 1st and 2nd formulas can be proved similarly.
To prove the last identity, we di⁄erentiate the 3rd one
p
￿1
2
f￿;￿ = f0;￿￿
= f0;￿￿ +
p
￿1f0;0￿￿￿
= f0;￿￿ +
p
￿1f0;0￿￿￿
= ￿
p
￿1
2
f￿;￿ +
p
￿1f0;0￿￿￿
Using the 2nd identity we obtain
f0;0 = ￿
1
2
￿
eu=2 sin
v
2
￿
0
￿
Let D2f denote the Hessian of f w.r.t. the adapted Riemannian metric g￿. By
Proposition 7 in Appendix, we obtain from Proposition 3
(3.1) D2f = ￿
1
2
￿
eu=2 sin
v
2
￿
0
g￿:
We pause to prove a simple lemma in Riemannian geometry.
Proposition 4. Let (￿n;g) be a closed Riemannian manifold s.t. Ric(g) =
(n ￿ 1)c2g with c > 0 a constant. Suppose u 2 C1 (￿) is a nonzero function
s.t.
R
￿ u = 0 and
(3.2) D2u = ￿￿g
for some ￿ 2 C1 (￿). Then (￿n;g) is isometric to the unit sphere Sn in the
Euclidean space Rn+1 with the metric 1
cg0 and u corresponds to a linear function
on Sn, where g0 is the canonical metric on Sn.
Proof. Taking trace of (3.2) yields ￿u = ￿n￿. Working with a local orthonormal
frame we di⁄erentiate (3.2)
￿￿i = uji;j
= ujj;i + Rijljul
= (￿u)i + Rilul
= ￿n￿i + (n ￿ 1)c2ui:
Thus ￿i ￿ c2ui = 0 or ￿ ￿ c2u is constant. Since
R
￿ u = 0, we have ￿ = c2u.
Therefore D2u = ￿c2ug. The proposition then follows from the classic Obata
theorem [O1]. ￿
Since
￿
f M;g￿
￿
is Einstein with Ric(g￿) = m
2 g and f satis￿es (3.1), applying
the above Proposition we conclude that
￿
f M;g￿
￿
is isometric to
￿
S2m+1;4g0
￿
and
f corresponds to a linear function on S2m+1. By an argument in [LW]
￿
f M;￿
￿
is in fact CR isometric to
￿
S2m+1;￿c
￿
. For completeness, we repeat the proof
here. Without loss of generality, we can take (f M;g￿) to be
￿
S2m+1;4g0
￿
. Then
￿ is a pseudohermitian structure on S2m+1 whose adapted metric is 4g0 and the
associated Tanaka-Webster connection is torsion-free. It is a well known fact thatON A REMARKABLE FORMULA OF JERISON AND LEE IN CR GEOMETRY 13
the Reeb vector ￿eld T is then a Killing vector ￿eld for g0 . Therefore there
exists a skew-symmetric matrix A such that for all X 2 S2m+1;T(X) = AX,
here we use the obvious identi￿cation between z = (z1;:::;zm+1) 2 Cm+1 and
X = (x1;y1;:::;xm+1;ym+1) 2 R2m+2. Changing coordinates by an orthogonal
transformation we can assume that A is of the following form
A =
2
6
6 6
6
6
4
0 a1
a1 0
...
0 am+1
am+1 0
3
7
7 7
7
7
5
where ai ￿ 0. Therefore
T =
X
i
ai
￿
yi
@
@xi
￿ xi
@
@yi
￿
Since T is of unit length we must have
4
X
i
a2
i(x2
i + y2
i ) = 1
on S2m+1. Therefore all the ai￿ s are equal to 1=2. It follows that
￿ = g0(T;￿) = 2
p
￿1@jzj2:
Therefore
￿
f M;￿
￿
is CR isometric to
￿
S2m+1;￿c
￿
.
Take
￿
f M;￿
￿
to be
￿
S2m+1;￿c
￿
. Then there exists a unit ￿ 2 Cm+1 and a > 0
s.t.
f (z) = aRez ￿ ￿:
Now M = S2m+1=￿, where ￿ ￿ U (m + 1) is a ￿nite group acting on S2m+1
freely. Since f must be invariant under ￿, it is easy to see that ￿ must be trivial.
Finally, we have
Reeu=2+
p
￿1v=2 = expu=2cosv=2
= c + aRez ￿ ￿
= Re
￿
c + az ￿ ￿
￿
:
Thus eu=2+
p
￿1v=2 = ￿ + az ￿ ￿ with ￿ = c +
p
￿1c0 for some c0 2 R. Then
￿ = eu =
￿
￿￿ + az ￿ ￿
￿
￿2
:
This ￿nishes the proof.
4. Appendix
In this appendix, we collect some of the formulas in CR geometry used in the
proof of the main theorem.
Let
￿
M2m+1;￿
￿
be pseudohermitian manifold and r the Tanaka-Webster con-
nection. Let b r be the Levi-Civita connection of the adapted Riemannian metric
g￿. The following two propositions can be found for example in [DT] in equivalent
forms.14 XIAODONG WANG
Proposition 5. We have
b rXY = rXY + ￿(Y )AX +
1
2
(￿(Y )￿X + ￿(X)￿Y )
￿
￿
hAX;Y i +
1
2
! (X;Y )
￿
T:
With this formula, one can compare the curvature tensor R of r and the curva-
ture tensor b R of b r.
Proposition 6. Suppose X;Y are horizontal vector ￿elds, then
b R(X;Y;X;Y ) = R(X;Y;X;Y ) ￿
3
4
hJX;Y i
2 + hAX;Y i
2 ￿ hAX;XihAY;Y i;
b R(X;T;Y;T) = ￿hrTAX;Y i ￿ hAX;AY i + hAX;JY i +
1
4
hX;Y i;
b R(X;Y;Z;T) = hrXAY;Zi ￿ hrY AX;Zi:
Using Proposition 5, it is easy to check by direct calculation the following
Proposition 7. Let u 2 C1 (M) and D2u be its Riemannian Hessian w.r.t. g￿.
We have the following formulas
D2u(T;T) = u0;0;
D2u(T;T￿) = u￿;0 ￿
p
￿1
2
u￿;
D2u(T￿;T￿) = ua;￿ + A￿￿u0
D2u
￿
T￿;T￿
￿
= u￿;￿ ￿
p
￿1
2
￿￿￿u0
Taking trace using Proposition 6 yields the Ricci curvature Ric of g￿ in terms of
the pseudohermitian Ricci tensor R￿￿ and the torsion A.
Proposition 8. Suppose X = 2Re
Pm
￿=1 c￿T￿. We have
Ric(X;X) = 2R￿￿c￿c￿ +
p
￿1(m ￿ 1)
￿
A￿￿c￿c￿ ￿ A￿￿c￿c￿
￿
￿
1
2
jXj
2 ￿ hrTAX;Xi + hAX;JXi;
Ric(X;T) = 2
D
X;ReA￿￿;￿T￿
E
;
Ric(T;T) =
m
2
￿ jAj
2 :
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